Abstract: This study analyzed the MHD boundary layer ow of Eyring-Powell nano uid past stretching cylinder with Cattaneo-Christov heat ux model. The governing non-linear partial di erential equations corresponding to the momentum, energy and concentration have been formulated and transformed into a set of non-linear ordinary di erential equations by using similarity transformations. Then the resulting non-linear high order ordinary di erential equations of momentum, energy and concentration, subjected to boundary conditions were solved numerically by utilizing the second-order accurate implicit nite di erence method known as Keller-Box which is programmed in the MATLABR2017b software. The results indicated that the velocity pro le increases as the Eyring-Powell uid parameter M and the curvature parameter γ increase but it decreases as the magnetic parameter Ha increases. Both the temperature and the concentration pro les have revealed an increment pattern for large values of the magnetic parameter Ha and the thermophoresis parameter N t but a decrement manner with increasing values of the Eyring-Powell uid parameter M. The Brownian motion parameter N b has shown an opposite in uence on the temperature and the concentration pro les. The results also depicted that the local skin friction coe cient increases with increasing in Eyring-Powell uid parameter M, magnetic parameter Ha. Besides, it is found that both the local Nusselt number Nux and the local Sherwood number Shx are higher for large vales of Eyring-Powell uid parameter M and curvature parameter γ. Furthermore, the present results for the local skin friction coe cient, the local Nusselt number and the local Sherwood number are validated with the data of previously published literature for various limiting conditions where a very sound agreement has been attained.
Introduction
For the past several years, the investigation of boundary layer ows due to a stretching cylinder as well as the associated heat and mass transfer attributes has got a great considerations by a number of scholars due to its immense applications in engineering and industrial processes. Designing of heat exchanger tubes, chimney stacks, cooling towers and o shore structures, polymer extrusion process, paper and glass ber production, crystal growing, wire drawing and hot rolling, aerodynamic extrusion of plastic sheets, cooling of electronic chips etc. are some of these application areas [1] . Accordingly, ow of an ambient uid at rest due to a stretching hollow cylinder was presented by Wang [2] for the rst time. The boundary layer ow of viscous incompressible uid over a stretching cylinder and heat transfer with variable thermal conductivity by using the Keller-box technique has been studied by Rekha and Naseem [3] . Recently, the analysis of the e ects of thermal radiation on axisymmetric laminar boundary layer ow of a viscous incompressible uid along a stretching cylinder were presented by Poply et al. [4] . E ects of mixed convection and variable thermal conductivity on two-dimensional laminar ow of viscoelastic uid due to stretching cylinder were discussed by Hayat et al. [5] .
The magnetohydrodynamic (MHD) deals with the fundamental interaction of the magnetic elds and the ow of electrically conducting uids such as strong electrolytes, liquid metals and hot ionized gases (plasmas). The study of MHD ow has wider applications in technology and engineering elds such as in design of cooling systems, MHD generators, electric motors, blood ow measurements, pumps and ow meters etc. [6] . Therefore, a number of researchers presented their work in MHD ows. For instances, very recently the analytical solution of MHD viscous two-phase dusty uid ow and heat transfer over permeable stretching/shrinking bodies was presented by T.Mustafa [7] . The analysis of MHD mixed convection ow and heat as the consequence of a micropolar uid past a heated or cooled stretching permeable surface by taking into account heat generation and absorption e ects was given by T.Mustafa [8] . Again the same investigator T.Mustafa [9] discussed the analysis of MHD uid ow and heat transfer due to two-three dimensional porous and deforming bodies. Elbashbeshy et al. [10] examined the e ect of magnetic eld on ow and heat transfer of an incompressible viscous uid over a stretching horizontal cylinder in the presence of heat source or sink with suction/injection. The analysis of the axisymmetric laminar MHD boundary layer slip ow of a viscous incompressible uid and heat transfer towards a stretching cylinder was discussed by Mukhopadhyay [11] .
Nano uids are nano size solid particles of diameter up to 100 nm that are suspended in common base uids such as water, ethylene glycol and oil. These suspended particles are usually made from metals, carbides or oxides because of their higher thermal conductivity as compared to base uids. Hence, nano uids meliorate the heat transfer rate in various thermal ow systems through escalating thermal conductivity of the uid [12] . For example, nano uids are used to increase the rate of heat transfer of microchips in computers, microelectronics, transportation, fuel cells, food processing, biomedicine, nuclear reactor coolant, space technology, defense and ships, boiler ue gas temperature reduction and solid state lightening, and manufacturing [13] [14] [15] [16] [17] [18] [19] . Accordingly, the study of boundary layer ow of nano uids over a stretching cylinder is given by some researchers. For instances, the effect of a transverse magnetic eld on the boundary layer ow, heat and mass transfer of nano uids over a stretching cylinder was analyzed by Noghrehabadi et al. [20] . Qasim et al. [21] investigated the problem of MHD ow of nano uid along a stretching cylinder with velocity slip and prescribed surface heat ux.
In the theory of uid mechanics, the analysis of nonNewtonian uids has achieved an extraordinary success as a result of its vast applications in biological sciences, technologies and industries. Some applications of these non-Newtonian uids include food engineering, power engineering, petroleum production, polymer solutions, paint, shampoo, grease, cosmetic products, ow of mercury amalgams, lubrications with heavy oils and greases, food mixing and chyme movement in the intestine, ow of liquid metals and alloys, ow of blood, ow of nuclear fuel slurries etc. [22] . It is cognizant that unlike in the Newtonian uids, the relationship between the shear stress and rate of strain is so much complex in nonNewtonian uids. The famous Navier-Stoke's equations of ow may not su ciently express the salient features of non-Newtonian uids. Therefore, to examine ow and heat transfer phenomenon for various non-Newtonian uids, some ow models have been formulated depending on their fundamental characteristics. Eyring-Powell uid model is among these non-Newtonian uids, which was pioneered by Powell and Eyring in 1944. Eyring-Powell uid model possesses essential utilizations in various natural, industrial, and geophysical processes. These essential utilizations pertain formation and dispersion of fog, designing of many chemical processing equipment, distribution of temperature and moisture over agricultural elds, groves of fruit trees, environmental pollution, drying of porous solids, geothermal reservoirs, packed bed catalytic reactors, thermal insulation, enhanced oil recovery, and underground energy transport [23] . Besides, the Eyring-Powell uid has got extraordinary attentions due to the following rationales, albeit mathematically analyzing it is more complicated [24] .
• Instead of empirical relation it is derived by using kinetic theory of liquid • It behaves like Newtonian uid under low and high shear rates Therefore, now a days there are scholars who are working on Eyring-Powell uid model. Fore example, an analytical treatment of a steady boundary layer ow of an EyringPowell uid model due to a stretching cylinder with temperature dependent variable viscosity was investigated by Maliket al. [25] . The exploration of the e ects of double strati cation and MHD ow of Powell-Eyring nano uid past a stretched cylinder near stagnation point was given by Ramzan et al. [26] . Following Khan et al. [27] , the equation of momentum in MHD Eyring-Powell uid model is given by:
where u is the stretching velocity of the cylinder, Jc is the conduction current, B is the magnetic eld and S is the Cauchy stress tensor which is given by:
The phenomenon of heat energy transfer happens by virtue of wall temperature gradient. The mechanics of heat energy transit phenomenon earned an exceptional attention because of its ample applications in engineering and industrial processes like in nuclear reactor cooling, space cooling, energy production, biomedical applications such as magnetic drug targeting, heat conduction in tissues etc. [28] [29] [30] . In continuum mechanics, Fourier's law of heat conduction is among the most successful classical heat ux models [31] which is given by:
where q is the thermal (heat) ux vector and T is temperature and k > is thermal conductivity of the medium. However, the Fourier's model has the primary defect that it results in a parabolic equation for the thermal energy which means that any initial perturbation causes an immediate e ect on the whole media. This unrealistic feature is called the heat conduction paradox. In order to get the better of this drawbacks, several scienti c alterations on the Fourier's law have been done for the last several years [32] . Among this scienti c changes, the foremost illustrious one is the Maxwell-Cattaneo heat conduction law. Consequently, the Maxwell-Cattaneo heat conduction law is given by:
where ∂ t is partial time derivative, and the thermal relaxation characteristics time δ > represents the time lag required to establish steady heat conduction. After few years C. Christov [32] presented the more advanced form of the Maxwell-Cattaneo model by substituting the partial time derivative by the Oldroyd's upperconvected derivative and he come up with the following model.
As a result, equation (5) is known as the Cattaneo-Christov heat ux model. Following the groundbreaking chore of Christov, some scholars has been presented their research work regarding ow problems due to stretching cylinder with the Cattaneo-Christov heat ux model. For instances, Raju et al. [33] presented the analysis of transpiration effects on MHD ow of Maxwell uid over a stretched cylinder with Cattaneo-Christov heat ux model with suction or injection. The analysis of Cattaneo-Christov double diffusion impact for temperature dependent conduction of Powell-Eyring uid was presented by Waqas et al. [34] . Therefore, the analysis of MHD boundary layer ow of Eyring-Powell nano uid due to a stretching cylinder with Catteneo-Christove heat ux model did not get a wider coverage. Therefore, the present study aims to ll the knowledge gap in this regard.
Mathematical Formulation
The study consider MHD laminar steady and axisymmetric boundary layer ow of Eyring-Powell nano uid over a horizontally stretching cylinder of radius R. The EyringPowell nano uid is moving along the axial x direction since the cylinder is stretching. Moreover, the radial coordinate r is taken perpendicular to the cylinder axis. Cylindrical coordinates system is chosen in such a way that xaxis is along the axial direction and r-axis is taken normal to it as shown in Figure 1 . Then, the governing partial di erential equations for conservation of mass, momentum, thermal energy, and nanoparticle's concentration are formulated under the following assumptions. (i)The axial velocity of the stretching cylinder is assumed to be linear. (ii) The e ect of the induced magnetic eld is assumed to be negligible which is valid when the magnetic Reynolds number is small. (iii)The external electric eld and the electric eld due to the polarization of charges are assumed to be negligible. (iv) The viscous dissipation, Ohmic heating, and Hall effects are neglected as they are also assumed to be small.
After boundary layer approximations, the equations of conservation of mass, momentum, thermal energy and concentration that govern MHD boundary layer ow of Eyring-Powell nano uid past a stretching cylinder with Cattaneo-Christov heat ux model are given as follows:
The associated boundary conditions are
Here u and v represent the velocity components in the x and r directions respectively. The following similarity transformations are de ned based on [36] .
where ψ is a stream function, f(η) is a dimensionless stream function, η is a similarity variable, θ and ϕ are the dimensionless temperature and concentration pro les respectively. After using the similarity transformations (12), equation of continuity (6) is automatically satis ed while the governing partial di erential equations (7)- (11) are reduced to non-linear ordinary di erential equations (13)- (17) .
Some physical quantities of interest
The skin friction coe cient C f at the surface of the cylinder is de ned as:
Then, the Cauchy stress tensor S at r = R (or wall shear stress) becomes,
r=R Hence, the dimensionless form of the skin friction coecient is:
The Nusselt number Nu (heat transfer rate) is de ned as
where qw = −κ∞( ∂T ∂r ) r=R is heat ux at the surface. Thus, the dimensionless local Nusselt number is given by:
Furthermore, the Sherwood number Sh (mass transfer rate) is de ned as
where
r=R is mass ux at the surface. Therefore, the expression for the dimensionless local Sherwood number is: Shx 
Numerical method
The Keller-Box implicit nite di erence method is implemented to solve the non-linear boundary value problem given by equations (13)- (15) with boundary conditions (16)- (17) . It is unconditionally stable and has a second order accuracy. Moreover, it is one of the most reliable and powerful numerical methods for non-linear boundary layer ows that are generally parabolic in nature [35] . The Keller-Box scheme comprises four steps that is to say (i) Reducing the n th order ordinary di erential equations system into a system of rst order equations.
(ii)
Finite di erence discretization of a system of rst order equations. (iii) Linearizing the resulting algebraic equations by using Newton's method and writing in matrixvector form. (iv) Solving the linearized system of equations by using the block-tridiagonal elimination technique.
Results and Discussion
The system of equation comprises three dependent uid dynamic variables (f , θ, ϕ) and ten thermophysical and body force control parameters namely λ, γ, M, Pr, Le, N t , [36] . Similarly, ≤ γ ≤ . , . ≤ Pr ≤ . , and ≤ α t , αc ≤ . as adopted from [37] . As M increases the uid becomes less viscous and hence the uid velocity is signi cantly increased as shown in Figure 2 (a) . Thus,the uid velocity is clearly minimized for the Newtonian case (M = ) and maximized for the strongest non-Newtonian case (M = . ). That is, magnitude of velocity for Eyring-Powell uid is greater than that of the viscous uid for stretching cylinder. In contrary, the uid velocity pro le f (η) and the momentum boundary layer thickness decreased as the magnetic parameter Ha increases as presented in Figure 2 (b) . This is because, as the magnetic parameter Ha increases the body force known as Lorentzian magnetohydrodynamic force, which is a resistive force also increases. Figure 3 (a) , the the velocity of the uid slightly decreased as the uid parameter λ increased. As it is observed in Figure 3 (b) , the velocity pro le f (η) increased as the curvature parameter γ increased. Physically, an increase in curvature parameter γ diminishes the radius of the cylinder which means the cylinder is getting slender which infers that the contact area of the cylinder with the uid declines. Hence, less resistance is o ered by the surface to the uid motion and as a result the uid velocity increased. eter Ha (Hartmann number) on the temperature pro le θ(η). Figure 4 (a) depicted that as M increases the thermal boundary layer thickness and the temperature pro le θ(η) decrease. This is because for higher values of M uid becomes less viscous and hence friction between uid layers decreases due to which temperature remains at lower level. Hence, temperature for viscous uid is greater than that of the Eyring-Powell uid in stretching cylinder. The result in Figure 4 (b) indicated that the temperature θ(η) pro le and thermal boundary layer thickness increase as the magnetic parameter Ha increases. This is the case since increase of Ha increases the Lorentzian magnetohydrodynamic force (resistivity force) so that more heat is produced which raises the temperature pro le. Figure 5 (a) revealed that the temperature pro le has shown an increasing behavior as the curvature parameter γ increases. Physically, an increase in γ results in the enhancement of thermal boundary layer thickness due to which the heat transfer rate decreases and consequently the temperature of the uid increases. Figure 6 (a) shows that both the temperature prole and thermal boundary layer thickness increase when Brownian motion parameter N b increases. Brownian motion is an arbitrary motion of nanoparticles dispersed in the base uid. It results from the collision of nanoparticles with the molecules of liquids or gases. Physically, an increase in Brownian motion parameter N b corresponds to the signi cant movement of nanoparticles, which increases the nanoparticle's kinetic energy which results in more heat to produce. Consequently, the temperature pro le and thermal boundary layer thickness increase. Figure 6 (b) indicates the in uence of change of thermophoresis parameter N t on temperature pro le θ(η). Thermophoresis is a mechanism in which small particles are pulled away from hot surface to cold one. The result in Figure 6 (b) shows that increasing values of thermophoresis parameter N t constitutes a higher temperature eld and thermal layer thickness. The reason behind this argument is that an enhancement in N t yields a stronger .
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thermophoretic force which allows deeper migration of nanoparticles from hot surface to cold ambient uid resulting in higher temperature eld and thickness of thermal layer.
In uence of the thermal relaxation parameter α t on temperature pro le θ(η) is revealed in Figure 7 . It has been clearly examined that an enhancement in the value of thermal relaxation parameter α t shows a decreasing behavior for temperature eld θ(η) and thermal layer thickness. Physically, thermal relaxation time is the time needed by the uid particles to transfer heat energy to its surrounding. Therefore, when α t increases the material particles need extra time to transfer heat to its adjacent particles and so temperature reduces. That is, an increase in thermal relaxation parameter α t causes less transfer of heat from the surface of the cylinder to the uid. So, we perceive a fall in temperature distribution with a rise in the values of thermal relaxation parameter. For α t = the heat transfers promptly throughout the stretching cylinder. That is, temperature for Cattaneo-Christov heat ux model is less than that of the classical Fourier's law (α t = ) of heat conduction for the stretching cylinder. that concentration boundary layer thickness as well as the concentration pro le increases with an increase in Ha. Figure 9 (a) revealed that the concentration pro le ϕ(η) and the concentration boundary layer thickness decrease near the stretching cylinder while both increase as one moves away from the cylinder. Figure 9 (b) shows the in uence of Lewis number Le on the concentration pro le. The graphs show that as the values of the Lewis number Le increase, both the concentration eld and the concentration boundary layer thickness decrease. Physically, increasing the Lewis number Le corresponds to a poor Brownian di usion coe cient which leads to short penetration depth for nanoparticles. As a result, the concentration prole ϕ(η) and the concentration boundary layer thickness decrease with increasing values of Lewis number Le.
. The Concentration Pro les
The behavior of Brownian motion parameter N b on concentration pro le ϕ(η) is displayed in Figure 10 (a) . When the values of N b increase the concentration eld and the concentration boundary layer thickness decrease. The argument for this is that with the increase in N b , the random motion and also collision of the nanoparticles of the uid increase which reduce the concentration of the uid. Figure 10 (b) describes the variation of thermophoresis parameter N t on concentration pro le ϕ(η). It is observed that the concentration boundary layer thickness as well as the concentration pro le increases as N t increases. This is the case because as the values of N t increase more nanoparticles are pushed away from the hot surface which results in an enhancement of the nanoparticle's concentration. Figure 11 presents how concentration relaxation parameter αc in uences concentration eld ϕ(η). By increasing αc both the concentration pro le and concentration layer thickness decrease. Table 1 shows results for the in uences of nonNewtonian uid parameter M, uid parameter λ, magnetic parameter Ha, and the curvature parameter γ on the local skin friction coe cient C f Rex . With increasing M (keeping all other parameters constant), the local skin friction coe cient is enhanced. The parameter M is inversely proportional to the dynamic viscosity (M = µβc ) of the Eyring-Powell uid. So, as M elevated viscosity will be reduced and there will be lower resistance to the ow at the surface of the cylinder resulting in the acceleration of the ow which leads to an escalation of shear stress. Table 1 also shows that, with an increase in Ha the skin friction coe cient is escalated. Flow deceleration is therefore conrmed with greater transverse magnetic eld, associated with the escalation in Lorentzian magnetohydrodynamic resistance. As the values of λ and γ are increasing the local skin friction coe cient is decreasing. Table 2 shows the in uences of various physical parameters on local Nusselt number Nux (heat transfer rate). The local Nusselt number Nux is decreasing as the mag-netic parameter Ha is increasing. The reason for this argument is that an increase in magnetic parameter tends to increase temperature in the boundary layer and hence low heat transfer rate. Thus, a decrease in the values of the local Nusselt number Nux is observed as Ha increases. The local Nusselt number Nux is also decreasing as the thermophoresis N t and Brownian motion N b parameters are increasing. The Brownian motion e ect tends to move the nanoparticles from high concentration areas to low ones. Therefore, in the present study, the e ects of both the Brownian motion and thermophoresis tend to move the nanoparticles away from the stretching cylinder. Hence, the increment of Brownian motion or thermophoresis parameters escalates the di usion of nanoparticles into the boundary layer and consequently decreases the local Nusselt number Nux. Table 2 also depicts that the local Nusselt number Nux increases with an increase in the Prandtl number Pr. This is because, higher Prandtl number Pr uids have lower thermal conductivity (or a higher viscosity) which results in thinning the thermal boundary layer and consequently, higher heat transfer rate at the surface. The value of local Nusselt number Nux is increasing by increasing the curvature parameter γ which means that heat transfer rate at the surface are larger for a cylinder when compared with a at plate as presented in Table 2 . Table 2 also revealed that the local Nusselt number Nux increases with an increase in the Eyring-Powell uid parameter M and thermal relaxation parameter α t where as it decreases for Lewis number Le, uid parameter λ and concentration relaxation parameter αc. Table 3 pointed out the in uences of the involved physical parameters on the local Sherwood number Shx. It is revealed that the local Sherwood number Shx increases with increasing in values of Eyring-Powell uid parameter M, curvature parameter γ, Lewis number Le, Brownian motion parameter N b and concentration relaxation parameter αc. The reverse behavior has been seen for the rest of the parameters viz. Prandtl number Pr, thermophoresis parameter N t , uid parameter λ, magnetic parameter Ha and thermal relaxation parameter α t . Table 4 and Table 5 displayed the comparisons of the present solution with previously published data of the literature for C f , Nux and Shx. Thus, the numerical results obtained are in a very sound agreement with the previously published data for various limiting conditions of the present study.
Summary and Conclusions
MHD boundary layer ow of Eyring-Powell nano uid induced by a stretching cylinder with Cattaneo-Christov heat ux model has been analyzed. The governing non-linear partial di erential equations corresponding to the momentum, energy and concentration have been formulated and transformed into a set of non-linear ordinary di erential equations by using similarity transformations. Then the resulting non-linear ordinary di erential equations of momentum, energy and concentration, subject to boundary conditions were solved numerically by utilizing the second-order accurate implicit nite di erence method known as Keller-Box which was programmed in the MAT-LAB software version MatlabR2017b. Therefore, the following key summary conclusions of the present analysis are worth mentioning.
• The velocity pro le f (η) shows an increasing behavior with increasing values of Eyring-Powell uid parameter M and curvature parameter γ but it shows a decreasing behavior when values of the magnetic parameter Ha and the uid parameter λ are increasing. 
